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Analysis of the relationship between the structure of the symmetrical permutation group 
and the topological structure of the configuration space makes it possible to perform 
complete separation of spin and spatial variables for multielectron wave functions. This 
separation of variables allows one to explain the role of nodal surfaces in interpreting and 
understanding the physical sense of the Pauli principle for systems of fermions. The 
suggested hypothesis about the form of the nodal surfaces permits one to find these surfaces 
a priori for arbitrary multieleetron systems. The use of nodal surfaces for constructing trial 
wave functions is demonstrated with the example of calculating the energy of the Li atom in 
the ground state. 
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Nodal  surfaces  for two-e lec tron  systems.  To get an 
idea about the essence o f  our new approach to principles 
of  constructing wave functions (WFs), let us first con- 
sider two-electron systems in the stationary state. In this 
case, the behavior o f  the system is described by the wave 
function that is found as the solution o f  the Schroedinger 
equation 

H �9 = E kU, (1) 

where the W F  is the function q~(x 1, Yb Zb sl; x2, Y2, Z2, 
s2). The spin and spatial variables can be separated for 
this function, and the W F  may be presented in the form 

~t' (r b sl; r2, s2) = Z(S1, $2) q~(rb r2), (2) 

where ri - (xi, Yi, zi), i = 1, 2; Z(s 1, s2) is the spin 
fnnction, aP(rl, r2) is the spatial function. 

According to the Pauli principle, the q~ function 
should be antisymmetrical with respect to permutations 
of  both spin and spatial coordinates of  two electrons; 
that is, in the case of  Eq. (2), we have an antisymmetrical 
function Z(s 1, s2) and a symmetrical  function O(rl, r2) 
for S = 0 (singlet state) and, vice versa, a symmetrical 
function Z(s b s2) and an antisymmetrical  function 
�9 (rl, r2) for S = 1 (triplet state), l Let us consider the 
triplet state in more detail. The antisymmetry require- 
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ment for the WF (2) results in the condition 

q~(rl, r2) = -~(r2, rl). (3) 

Generally speaking, the function ~ ( r  b r2) is defined in 
the six-dimensional space Q6, which is the product of  
two common Euclidean spaces. The author of  Ref. 2 
showed that condition (3) for the WF ensures the exis- 
tence of  a five-dimensional nodal surface O05, which 
separates the whole Q6 into two symmetrical parts. The 
form of  this surface is defined by the equation 

q~(r b r2) = 0. (4) 

The WF in the one-particle approximation is usually 
represented by the Slater determinant,  which has the 
following form for the function ~ ( r  b r2): 

[qOl(r 1 ) q)l(r2) 
aol,2(rl, r2)= ~%(rl) ~2(r2) (5) 

The present-day formulation o f  the Pauli principle as 
the requirement of  wave function antisymmetry leads 
the majority o f  specialists to the conclusion that the WF 
(5) is reduced to zero when the coordinates o f  electrons 
in the physical space are identical; i.e., when r I = r 2 
(see Ref. 3). According to McWeeny,  1 this so-called 
correlation of  parallel-spin electrons is the most  impor-  
tant corollary of  the Pauti principle. However, it is quite 
evident that the equation r 1 = r 2 (that is, x 1 = x2, Yl = 
Y2, Zl = z2) defines a three-dimensional manifold in Qr: 
R03 e 005 (see Ref. 2). Thus, the usual idea about 
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correlation of parallel-spin electrons represents only a 
small fraction of the situations that are actually forbid- 
den by the Pauli principle. Indeed, let us analyze Eq. (4) 
for fimction (5): 

~(q)  qo~(r2)[ = 
{[}2(rl) q}2(r2)] q)l(rl)q}2(r2) -q}l(r2){~2(rl) = O. 

Separating the variables, we get 

~(r~) ~(r22) 
~2(r;) ~2(r2)" 

Let us consider the function g12(r) = qh(r)/e2(r) (the 
function g2~(r) = cp2(r)/%(r) may be considered in the 
same way). Naturally, the case when el or r have zeros 
has to be considered separately, but this peculiarity does 
not change the general picture, all the more so because 
qh and ~2 may have no zeros at all. The equations 
g12(r) = c for all c values define a family of surfaces S(c) 
(the level of the g12 function) in the common physical 
space (Sheme 1). 

Scheme 1 

Z 

r 0 

~ y  

S(c) (g12 = c) 

X 

For any fixed position of one electron r 1 = r ~ this 
electron falls into one of the surfaces S(c), namely, into 
the surface c = g12(r~ The other electron may not be 
situated not only in the point r 2 = r~ = r ~ but also in all 
points of the surface g12(r) = g12(r~ Thus, the Pauli 
principle with respect to function (5) indeed forbids not 
only the configuration r t = r 2 but immeasurably more 
(namely, by two dimensions) configurations. That is, 
figuratively speaking, the whole surface is forbidden 
together with one point. The union of all these forbid- 
den configurations forms a five-dimensional surface in 
Q6, defined by the equation gl2(rD = g12(r2). From the 
mathematical viewpoint, this statement corresponds to 
the fact that the determinant (5) is reduced to zero not 
only when its lines (or columns) are identical but also 
when these lines (or columns) are proportional. 

Let us consider the method of configurational inter- 
action (CI) for our case. Let the functions 

{I, 2, ..., n} = {el(r), ~2(r) . . . . .  o~(r)} (6) 

form a base set of functions, and let us assume (for 
simpler discussion) that all these functions may be united 
into configurations by their symmetry properties; that is, 
we may present the WF in the form 

w : ~0-1~j(rD ei(r2~ ~,i (7) 

Just like function (5), each of the functions Og in 
formula (7) has a nodal surface of the form gg(rl) = 
g0.(r2). (Evidently, go" = g f l ,  gij = ~i/q~j.) Generally 
speaking, all these nodal surfaces are different. Mean- 
while, as is known from the theory of differential equa- 
tions, each solution of Eq. (1) is unique for any fixed E; 
therefore, it has a single nodal surface, which corre- 
sponds to the set of the eIectrons" mutual positions 
(r D r2) that is forbidden by the Pauli principle. It be- 
comes evident why the CI method converges so slowly: 
the expansion (7) should approach the true solution of 
Eq. (1) with a single nodal surface. 

Naturally, superposition of a great number of func- 
tions O/y with a complete enough basis (6) finally may 
approach the true function, but this process converges 
slowly. At the same time, it is also obvious that the 
present-day quantum chemistry has nothing better in its 
disposal than the method of CI. Ill particular cases, 
when the hamiltonian of Eq. (1) has certain symmetry, 
this equation has a solution not in Q6 but in a space of 
smaller dimensionality. For example, the H 2 molecule 
(in the triplet state as well) is described by a WF in the 
five-dimensional space (cylindrical symmetry); the He 
atom, in the space of dimensionality 3 (spherical sym- 
metry). As is shown, 4,5 equation of the nodal surface for 
the He atom in the triplet state has the form r 1 = r 2 in 
the coordinates q ,  1"2, r12; that is, the dimensionality of 
the nodal surface is equal to 2 in the three-dimensional 
space. Thus, the Pauli principle forbids the position of 
the two electrons at one and the same sphere with the 
center in the nucleus, no matter what the interelectron 
distance r~2 may be. 

Nodal surfaces for multieleetron systems and the 
separation of spin and spatial variables. If we consider 
the WF for a system with the number of electrons N > 2, 
we will encounter the same problem, but complicated by 
the fact that the spin and spatial variables are not 
separated. It is easy to show that WFs without nodal 
surfaces cannot be constructed for N > 2, and the 
dimensionality of these surfaces is always 3 N -  1 in the 
general case, whereas the traditional ideas 3 about corre- 
lation of electrons with parallel spins always produce 
nodal manifolds of dimensionatity 3N - 3, as follows 
from analysis of  the equation r i = rj (that is, x i = xj, 

Yi = Yj, Zi = zj for  si = sy) �9 
The problem of separating the spin and spatial vari- 

ables for a WF in the general case is solved in Ref. 6, 
although this problem had been regarded as insoluble for 
N > 2.1 The situation is complicated by the following 
fact: although the spin coordinates are not directly in- 
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Fig. 1. "Layer" (N = 3) distribution of vertices of an 
N-dimensional cube. 

cluded into the Schroedinger equation, we have to con- 
struct the solution of this equation in the form with the 
spin coordinates st; otherwise, we cannot ensure the 
fulfillment of the Pauli principle. To solve this problem, 
we first assumed the continuity of the spin coordinates 
(actually, they can have only two values for each elec- 
tron); that is, we considered the N-electron problem in 
the general 4N-dimensional space, and only afterwards 
we introduced the limitations upon the spin coordinates. 
Omitting the mathematical details, let us present the 
final result. 

The configuration space where the WF is defined 
forms a set of 2 N subspaces with dimensionality 3N in 
the 4N-dimensional space. Each of these subspaces may 
be put in correspondence with a vertex of the N-di- 
mensional unit cube. These subspaces are not topologi- 
cally connected in the general space, and their structure 
is defined by the structure of the symmetrical group S N. 
For each of the spin states, the WF is different from zero 
only in some set of subspaces, depending on the total 
spin S and its projection M s. This set belongs to one 
"layer" of vertices in the N-dimensional cube, related to 
a definite subgroup of the group S N (see Ref. 6). Figure 
1 shows the layers by which the vertices of this cube are 
grouped for the case N = 3. 

For S = 3/2 and M s = 3/2, the WF is different from 
zero only in the area of Q9 that corresponds to the vertex 
ofthe"first layer" (in this case, S(S+I) = 15/4); for S = 
3/2 and M s = -3 /2 ,  it is nonzero only in the area of Q9 
that corresponds to the vertex of the "forth layer". If 
M s = 1/2, the subspaces Q9 correspond to vertices of 
the "second layer" (S(S+I) may be equal either to 15/4 
or to 3/4). For M s = -1 /2 ,  the subspaces Q9 corre- 
spond to vertices of the "third layer". 

Examining the case when Ms = 1/2 and S(S+I) = 
3/4, we may present the scheme (Fig. 2) of the three 
subspaces with the dimensionality 9 and visualize the 
effect of transpositions Pg (pairwise permutations from 
the S 3 group). 

It can be seen from this scheme that each of the 
three subspaces Q9 has its own nodal surface (curving 
line), which separates this space into areas where the 
WF has a constant sign. Any point of the configuration 
space (rl ~ s]; r20, s2; r3 ~ s3) falls into one of these three 
subspaces; therefore, it can be shown (as was done in the 
previous section) that each subspace has a nodal surface 
with the same properties as for N =  2 and S =  1. 
Probably, the idea about inseparability of coordinates for 
N > 2 1 appeared because the "spatial" part of the WF 
was considered in one 3N-dimensional space, whereas 
we regard this part as defined in different spaces, al- 
though with one and the same dimensionality 3N. The 
properties of these nodal surfaces for arbitrary N were 
considered rigorously from the mathematical viewpoint 
in Refs. 7 and. 8, and the paper 9 describes the topologi- 
cal structure of multielectron configuration spaces (in- 
cluding the situation of excited states) with the help of 
the graph theory. As also follows from Ref. 8, all three 
spatial functions that correspond to the scheme in Fig. 2 
are interrelated, and it is sufficient to consider the 
solution in only one of these spaces for solving Eq. (1). 

Still, the cases when N = 3 and N = 4 are simple 
enough to be handled by traditional approaches, that is, 
with the use of the Slater determinants. Let us assume 

s l = s  2= 1/2;s 3 = -  1/2 

P12 

s 2 = s  3= 1/2;s l = - I  s 3= 1/2;s 2 = - 1 / 2  

l P12 

P23 

Fig. 2. Scheme of the structure of configuration space for N = 3 and S = 1/2. 
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that we have three functions (01(r), (02(r), and %(r). In 
the general case, the WF in the form of  the Slater 
determinant for N = 3 and M s = 1/2 (as a rule, the 
condition (0~ = (03 is used) is written as 

qo~(r~k~(sO q~(r2)~(s2) ~(rs~(s3) I 
q~ = q~(rt)a(s t) q~z(r~)a(s2) q~z(rs)c~(s3~. 

q)3(rl)~3(Sl) %(r~)13(s2) ~o3(rS)13(s3)l 
(8) 

Let us expand determinant (8) by its third line: 

, . . . . .  Iq~l(r2)ct(s2) ~l(rS)ct(s3) 
W = w3t,1)Ns1).l(P2(r2)c~(s2) 92(r3)ot(s3) - 

. , . . . .  Iq)l(rl)ct(s1) (pl(r3)ot(s3) 
- wstr2)tYts2).lq)2(r)a(si) (P2(ra)a(s3) + 

q~l(rl)a(Sl) q~l(r2)c~(s2)] = 
+ (P3(r3)~3(s3)" ~z(r0a(s0 (~(r~)a(s2){ 

~,(r~)~(r3)[l + 
= ~(sl)o:(s2)o;(s3)(P3(rl). q~2(r2)q~2(r3~ j 

~l(r3~p~(rl) 1 
+ ct(.S'l)~3(s2)o~(s3)(P3(r2), cp2(r3)(P2(rl) j + 

+ ,~(s "~(s "~ "- 'r '  l~t(rl)w~(r2)l] 
1) "x 211 -~, 3)%'3'~ 31" Zr ) ~r d( - 

Iq~2t ~ ~2t 2~j 

(9) 

If  we look at the last expression attentively, we see 
that only one of  the three summands in braces is nonzero 
for any point (rl ~ Sl; r2 ~ s2; r3 0, s3) of  the configuration 
space, due to the properties of  the spin functions a and 13. 
Actually, each of  these three summands is defined in a 
different subspace, according to the scheme in Fig. 2. As 
follows from the Pauli principle, i.e., from antisymmetry 
of  function (8), the summand of  expansion (9) that 
corresponds to equal spin coordinates of  two electrons is 
zero in the case when these electrons "simultaneously" 
fall into one and the same surface g12(r) = const. (The 
remaining two summands are reduced to zero according 
to properties of  spin functions.) Just as in the case N = 2, 
the function g12(r) is a function in the common physical 
space. For another distribution of  spin functions in deter- 
minant (8), as is considered in Ref. 1, we would get other 
surfaces: namely, g13(r) = (01/(03 = const and g23(r) = 
(0ff(03 = const. 

Let us note that function (8), as follows from the 
expansion (9), also may be reduced to zero when (03(r) = 
0, but these nodes have dimensionality not greater than 
3 N -  3 and are not related to the Pauli principle, all the 
more so because the function q)3 (exactly as (01 and (02) 
may have no nodes at all. 

For the CI method with N = 3 and the base set (oh 
(02,---, (0~ (naturally, this set may differ from the basis (6) 
for N = 2), we have the same situation as for N = 2; 
that is, all functions in the expansion of  the type (7) 
have different nodal surfaces, whereas the theorem about 
the unique solution of  Schroedinger 's  differential equa- 
tion is true for all N. This fact means that the CI method 
must converge very slowly for multielectron systems, 

and we indeed observe this effect in quantum chemis- 
try. 1 Similar to function (8), let us consider the Slater 
determinant for N = 4 and the functions (0l, (02, (03, (04- 

q)l(rl~(Sl) (pl(r2)~(s2) (Pl(r3)a(s3) q~l(r4)~(s4) I 
q~ = :P2(rl~(Sl) ~2(r2)ot(s2) q92(r3)cffs3) (P2(r4)cffs4) t 

q03(rl)f3(Sl) q~3(r2)13(s2) q~3(r3)13(s3) q)3(r4)13(s4) (10) 
~4(rl)~Sl) r q)4(r3)13(s 3) g~4(r4)~s 4) 

Wave function (10) corresponds to N = 4, S = 0, and 
M s = 0. Expanding this determinant by the first two 
lines, we get the sum of  six terms, in accordance with 
the theory, 6 

~(ri) ~l(rj). (p3(r~) (p3(r~) I 
q~ = ~.epoa(si)~(sj)~s~)Nst)'v ~2(ri) (~2(rj) (P4(rk) q~4(rl~, (1 l) 

where ~p;. = _+ 1 depending on the evenness of  the sum 
(i + j). [-Iowever, exactly as for expansion (9), we can 
permutate the columns of  the second-order determi- 
nants in (11) so that all terms of  the expansion would 
have equal signs. The summing is performed by (i, j)  
pairs, considering i < j, because all the numbers i, j, k, l 
acquire values from 1 to 4 without repetition; that is, the 
selection of  (i, j) unambiguously defines the (k, /) pair, 
provided k < L 

For any point of the configuration space, only one of  
the six terms in expansion (11) is not identically equal to 
zero. For example, if we consider the point (rl, +1/2;  
r2, +1/2;  r3, - 1 / 2 ;  r4, - 1 /2 ) ,  the only term not identi- 
cally equal to zero is 

~l(r~) q)l(r2) q~3(r3) q)3(r4) 
~ (P2(rl) (P2(r 2) " q)4(r3 ) q)4(r4) " 

If  we analyze the situation, similarly to the cases of  N = 
2 and N = 3, we see that the function (10) is reduced to 
zero any time when two electrons with the spin projec- 
tion +1/2 are situated at the surface g12(r) = const, or 
when two electrons with the spin projection - 1 / 2  are 
situated at the surface g34(r) = const, or when these 
cases take place simultaneously. Besides, usually (03 = 
(01, (04 = (02; therefore, gl2 = g34, and we have a single 
surface (in the physical space) that determines the es- 
sence of  the Pauli principle. The same statements that 
were formulated for the CI method in the cases of  N = 
2 and N = 3 may be repeated for N = 4. 

Hypothesis about the form of nodal surfaces 
for wave functions of multieleetron systems. The above 
consideration of  wave functions in the form of Slater 's 
determinants for N = 2, 3, and 4 shows that the physical 
sense of  the Pauli principle may he interpreted for these 
systems in a simple way. Namely,  these systems have 
certain corresponding surfaces in the physical space 
(there are already two such surfaces for N = 4, although 
they most probably coincide, as was noted above) such 
that two electrons with equal spin projections "must not" 
be situated on these surfaces simultaneously; that is, the 
probability density of  such states is reduced to zero. This 
interpretation is also true for the general form of  the 
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WF. Let the function ~ ( r  1, r 2) for the above-considered 
case N =  2, S =  1 be the exact solution o f  the 
Schroedinger equation (1) and let the coordinates of  the 
1st electron be fLxed, that is, r 1 = r ~ Then, we get the 
function ~ ( r  ~ r2) = ~0(r2), and the equation ~0(r) = 0 
defines a surface in the physical space determining what 
exactly the Pauli principle forbids. That  is, if one o f  the 
electrons has the coordinates r ~ the other electron must 
not be situated not  only in the point r 2 = r 0 but also at 
the whole surface in the physical space. 

Unfortunately, we did not  succeed in obtaining such 
simple interpretation for N ___ 5. Besides, it is also 
inaccessible for N = 3 and N = 4 if the spin state of  the 
system includes three of  m o r e  electrons with parallel 
spins, although rigorous consideration 6,8 of  multielectron 
WF does not  imply such difficulties. Nevertheless, we 
may state that systems containing three or more elec- 
trons with parallel spins (including all systems with 
N _> 5) have much more complex W F  than in the 
above-described cases N = 2, 3, 4. This statement is 
explained by the fact that  wave functions for N = 3 and 
M s = 3/2 are defined in the space corresponding to the 
vertex o f  the "first layer" in the scheme of  Fig. 1; 
therefore, all the three nodal surfaces are contained in 
one and the same space Qg. The three nodal surfaces 
presented in Fig. 2 intersect in a complex way within 
one and the same space, with the topological structure 
defined by the we l l -known  Kura towski  graph 9 
(Scheme 2). 

Scheme 2 

Consideration o f  calculations for the triplet state of  
the He atom 4,s lets us arrive at the explicit equation of  
the surface in the physical space where electrons cannot  
be situated simultaneously. It  is the surface r = (x 2 + y2 
+ Z 2)1/2 = const. The nodal surface o f  the WF, accord- 
ingly, is r 1 - r 2 = 0. The papers 1~ suggest a geometri- 
cal interpretation o f  the physical sense o f  the Pauli 
principle for exact wave functions; they consider the 
existence of  hypothetical forces that ensure the fulfillment 
of  the Pauli principle and formulate a hypothesis that 
permits one to construct  nodal surfaces for arbitrary 
multielectron wave functions in the explicit form. Let us 
analyze this hypothesis. 

We can construct the potential function (that is, the 
"local" energy depending on the hamiltonian) for any 
electron. This statement means that interactions with 
nuclei and other electrons are taken into account. Evi- 

dently, this potential function should consider inter- 
actions between electrons with equal spin projections 
(the papersl~ H did not  specially ment ion this neces- 
sity). The form of  this function is 

za (12) ,,.(r,) =-~--+ A, 

where the prime at the second sum means that summa- 
tion is carried out only for si = sj. Then,  functions are 
constructed for all i and j for which si = sj 

Giflri,rj) = u i - uj. (13) 

The essence o f  the hypothesis consists in the assump- 
tion that the functions G/y define the nodal surfaces that 
correspond to the Pauli principle. For  the He atom, 
Gl2 = (l/r1 - l/r2) and the validity of  the hypothesis is 
beyond doubt. For  the Li a tom in the ground state, the 
functions (13) are o f  the form 

J 

3 3 
r~ rj , 

that is, the nodal surfaces are r f -  9 = 0. According to the 
scheme in Fig. 2, these nodal surfaces for each of  the 
three spaces are r 1 - r 2 = 0, r 1 - r 3 = 0, and r 2 - r 3 = 0. 

For the above-considered systems with N = 2, 3, 
and 4, the functions (12) depend on the coordinates o f  
only one electron; therefore, the Pauli principle may be 
interpreted in the form of  surfaces in the three-dimen- 
sional physical space. Although there are two such sur- 
faces for N = 4, the hypothesis states that they coincide 
(this statement is true for the Be atom and for the LiH 
molecule). However, there will be no such simple 
interpretation for N > 4, and the Pauli principle may be 
interpreted only by nodal surfaces in multidimensional 
configuration space. 10,I1 

Let us examine King 's  calculations for the Li atom 
and corresponding ions, 12-14 which are presently the 
most accurate for these systems. The trial functions are 
constructed as follows. Using the Hitleraas coordinates, 
we should take the functions in the form 

~i = r:~Ir~':r:~3r~'r~Sr~ 6 "exp(-c~/rl - [3ir2 - 7:3) (14) 

multiply them by the corresponding spin functions, and 
perform antisymmetrization by the standard procedure 
with the use o f  the permutations that constitute the S 3 
group. We analyzed King ' s  functions, taking into ac- 
count the distribution of  their different parts by the 
spaces of  the scheme in Fig. 2. In  the area where s 1 = 
s 2 = 1/2 (the upper area in Fig. 2), all functions o f  the 
form (14) with n 4 = n 5 = n 6 = 0 have nodal surfaces o f  
the form r 1 - r 2 = 0, in complete agreement with our 
hypothesis (see Eq. (13)). For  the remaining functions, 
we get nodal surfaces o f  the form 

r 1 -- r 2 = f~{rl2 , r13, r23), (15) 
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which  is, genera l ly  speaking,  c lose to the surface 
r 1 - r 2 = 0 (at the expense of  averaging during integra- 
tion, the right par t  o f  this expression is close to zero for 
the functions that  we use). Basing on King ' s  calcula-  
tions with 296 functions o f  the form (14), the authors o f  
Ref. 12 got  very good results for the energy of  the Li 
a tom, and,  since a significant part  o f  these functions 
have nodal  surfaces o f  the form (13), K ing ' s  results 
conf i rm our  hypothesis  to some degree of  reliability. 

To check our  hypothesis,  we elaborated a program 
for calculat ing the ground state (2S) of  the Li atom, 
using bo th  the s t andard  an t i symmet r i za t ion  proce-  
dure 16,12 and the nodal  surface obtained from Eqs. (12) 
and (13). In  the first case, we took the spin function 
)~ = 0~(S1)~($2)0~($3) -- ~(S1)0~($2)12($3), mult ipl ied it by 
func t ion  (14), and  then  subjec ted  the p roduc t  to 
ant isymmetr iza t ion .  In  the second case, the W F  was 
constructed in the form q' = Y.ciUfli, where 

Wi= {(l+Dxt'nil,'ni2,'ni3,'ni4,'ni5•ni61} 
* I 2 J F I  '2  '3 '12 '13 '23 ~ • 

(16) 
x [exp(-~rl) - exp(-c~r2)l �9 exp[-~r  1 + r2) - 7r3] 

The funct ion (16) is defined for the region of  the 
configurat ion space in Fig. 2 where s 1 = s 2 = 1/2, s 3 = 
- 1 / 2 .  The expression in braces is symmetr ical  with 
respect to pe rmuta t ion  o f  the 1st and 2nd electrons. The 
expression [ e x p ( - ~ q )  - exp(-c~r2)] in function (16) 
ensures both ant i symmetry  of  the function ~ i  and its 
reduct ion  to zero at r 1 = r 2. The c~, [~, and 7 values Were 
equal for all ~i .  

Results o f  energy calculat ions for the Li a tom ( IBM 
PC-486) are given in Table 1; the order of  the ~ i  

6 
function is defined as ~ n  U. The exper imental  energy 

k=l  
value for the Li a tom (2S state) is -7 .478069 au. 12 

Compar ing  the results in Table 1, we can conclude 
that  the bounda ry  condi t ions  r i = t) that are provided by 
the suggested hypothesis  for the W F  of  the Li a tom in 
the ground state make it possible to obtain energy values 
that are closer to exper imenta l  results. This effect be-  
comes especial ly marked  if  we conduct  the calculations 
using the f i rs t -order  functions that  are presented in 
Table 2. 

We per formed separate  calculat ions for the basis that  
consisted o f  the three functions 1--3 in Table 2 and for 
the basis o f  the two functions 4 and 5. Let us note once 
more that  nodal  surfaces o f  functions 1--3 for s tandard 
an t i symmetr iza t ion  ( that  is, in the form (14)) and for 
our approach  ( that  is, in the form (16)) coincide.  At  the 
same t ime,  these nodal  surfaces are different for func- 
tions (4) ,  (5). The results of  calculat ions are given in 
Table 3. 

The results shown in Tables 1 and 3 leave no doubt  
that  the choice  o f  nodal  surfaces in trial W F  plays a very 
great role and is ext remely  impor tant  for the construc-  
t ion o f  trial WF.  We may hope that the use of  the 
boundary  condi t ions  that  are derived from the suggested 

Table 1. Calculated energies (Ecarc) of Li (lS) atom 

Maximum order Number of -Ecalc/aU 

of functions functions in function function 
in the basis the basis (14) (16) 

1 5 7.421257 7.444296 
2 17 7.465906 7.470490 

Table 2. Zero- and first-order basic functions 

Function n 1 n 2 n 3 n 4 n 5 n 6 

1 0 0 0 0 0 0 
2 1 0 0 0 0 0 
3 0 0 1 0 0 0 
4 0 .0  0 1 0 0 
5 0 0 0 0 1 0 

Table 3. Calculations of energies (Ecalc) of the ground stste of 
Li (2S) atom 

Functions Number of -EcaLc/au 

from Table 2 functions in function function 
the basis (14) (16) 

1--3 3 7.419873 7.412465 
4, 5 2 7.402252 7.441177 

hypothesis also will be useful for calculat ions with a 
more extended basis. Correct  select ion of  nodal  surfaces 
should appear  even more impor tant  in calculat ions of  
molecules,  because almost  all base functions have differ- 
ent nodal  surfaces in this case. 

As to calculat ions of  the He atom, in our paper  s we 
showed the possibil i ty of  implement ing  an essentially 
new approach to construct ing WFs.  Namely ,  knowing a 
priori the form of  nodal  surfaces of  an exact WF,  we can 
formulate the requirements  o f  the Pauli  pr inciple  in 
terms of  nodal  surfaces. Instead of  demanding  the an- 
t isymmetry o f  a W F ,  we may require that  the W F  should 
be reduced to zero at nodal  surfaces. For  example,  let us 
consider  the case o f  the He atom. The defini t ion range 
of  the W F  is divided into two parts: r I _< r2 and r 1 _> r 2. 
We may take a funct ion of  arbitrary symmetry  as the 
trial function,  considering that  it should be zero at the 
dividing surface, that is, at r! = r 2. Calculat ions are 
conducted  by the variat ion method  for any of  these parts 
o f  the space, and the comple te  function is restored by 
the ant isymmetr ical  reflection with respect  to the plane 
r I = r2; this procedure  is possible only when the W F  is 
reduced to zero at this plane.  Results of  calculat ions 
show that  the convergence increases approximate ly  by 
an order  o f  magni tude if this method  is used. For  
example,  our calculated energy values 5 for a W F  with 47 
terms are more accurate  than the results of  Pekeris,  t6 
who used a W F  with 715 terms. 
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Generalizing these results, we may state that, al- 
though the antisymmetry requirement ensures the ful- 
fillment of the Pauli principle for WF, yet it may be 
more convenient to  use another requirement in the cases 
when the form of nodal surfaces is known a priori (and 
this will be the case if the our hypothesis (see Eq. (13)) 
is confirmed). This another requirement is reduction of 
the WF to zero at the nodal sm'faces; that is, a system of 
boundary conditions may be used instead of antisym- 
metrization. This statement means that the whole con- 
figuration space may be divided into N~. isomorphic 
regions, and, instead of requiring the antisymmetry of 
wave functions, we may search for the wave functions 
(i.e., solve the Schroedinger equation) in any of these 
regions without any limitations upon WF symmetry. 
The only limitation is the reduction of the WF to zero at 
the boundaries of these regions. This condition ensures 
the fulfillment of the Pauli principle by itself, because it 
permits to restore the complete antisymmetrical func- 
tion (if necessary) by simple operations of permutation. 
Evidently, the two  formulations of the Pauli principle 
are mathematically equivalent, although antisymmetry 
remains the only formulation if the form of nodal sur- 
faces is unknown a priori. However, if the nodal surfaces 
are known, our formulation appears more convenient, if 
only because the class of trial functions may" be signifi- 
cantly extended (as calculations for He show 5) and the 
convergence is accelerated. 

Some prospects. All the above-considered results for 
multielectron systems remain trae for arbitrary fermion 
systems, which obey the Pauli principle. The use of 
these procedures may increase the accuracy and effi- 
ciency of calculations with the use of a WF, for exam- 
ple, concerning nuclear systems. Quantum chemical 
calculations by the Monte Carlo method already use 
nodal surfaces of WFs as they are. Above all, we should 
mention Anderson's calculations for atoms and small 
molecules. 18-2~ In his study, Anderson noted the rela- 
tionship between nodal surfaces and the Pauli principle; 
the study zl describes the calculations for the H 2 mol- 
ecule in the triplet state and explicitly presents the 
sections of the nodal surface (of the form g12 = c) in the 
physical space. 

The authors of the very interesting paper 22 approached 
the same problem more closely. Unfortunately, two 
small inaccuracies may be noted. Firstly, the authors of 
that research could not overcome the accepted stereo- 
type: they state that, although the dimensionality of the 
nodal surface is ( 3 N -  1), only the (3N - 3)-dimen- 
sional nodal surface directly derived from the antisym- 
metry requirement  is related to the Pauli principle. In 
addition, their "relationship between nodal regions and 
permutation cells" simulates the actual situation too 
primitively- without the separation of spin and spatial 
variables. 

Our hypothesis about the tbrm of nodal surfaces is 
surely just a hypothesis so far. It may turn out to be 
incorrect for more complex cases, it may be improved or 

changed later, but, in any case, the formulation of this 
problem remains a pressing question. If its solution is 
found some time, then new prospects must surely open 
for exact calculations of more complex atomic and 
molecular systems. Figuratively speaking, given the whole 
vast set of antisymmetrical wave functions that may be 
regarded as the possible basis for finding approximate 
solutions of the Schroedinger equation, we may' hope to 
separate a significantly smaller class of functions out of 
this set for solving each specific problem. The nodal 
surfaces of WF also may be considered in traditional 
quamum chemical calculations of atoms and molecules, 
for example, with the use of Gaussian functions. 

The true nodal surfaces of exact WFs depend on the 
problem's hamiltonian, and this fact is not related to the 
correctness of the suggested hypothesis. As an example, 
let us consider the interaction of multielectron systems 
with strong electric arid magnetic fields. In the case of 
weak fields, this interaction is represented by the Stark 
and Zeeman effects. The forbidden surfaces for the He 
atom (triplet state) and for the Li and Be atoms (ground 
states) in the absence of fields are spheres with the 
center in the nucleus Z (Scheme 3); the Pauli principle 
bans the "simultaneous" positioning of two electrons 
with parallel spins at each of these spheres. 

Scheme 3 

In very strong fields, where Coulomb interactions are 
negligible, our hypothesis will produce the planar form 
of nodal surfaces for these systems (for example, in the 
electric field E). These planes are perpendicular to the 
field direction (Sheme 4); that is, the Pauli principle 
forbids the positioning of two electrons with parallel 
spins at each of these planes. However, in fields of 
intermediate intensities, where Coulomb interactions 
are comparable to the field gradient (from the usual 
viewpoint, of course, these fields are very strong), the 
nodal surfaces that are presented in Fig. 3 may be 
hypothesized. 

Scheme 4 

z 
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Fig. 3. Nodal surfaces of a triplet He atom in an electric field 
with an intensity E = 2 au. 

These spheres are distorted along the field direction. 
Here two cases are possible. The energy levels of  the 
states with these nodal surfaces may be higher than the 
"ground" level (then these states will be "metastable") or 
lower (in this case, they will be "superstable", i.e., the 
transition into these states will involve a release of  
energy). In the first case, atoms will "store" the energy of  
the external field, and this energy may be released again 
after the field is "switched off'. In the second case, the 
field may serve as a sort of  catalyst for this process, and 
the atoms will not  spontaneously return into the initial 
states. It is also possible that these cases may take place 
independently from each other. Thus, this process may 
be hypothetically considered as an essentially new source 
of  energy. 

Of  course, if we begin to raise the field intensity 
under normal conditions, the nuclei and electrons will 
fly away in different directions long before these critical 
values are reached. However, these conditions quite 
probably may be fulfilled in some unusual cases: for 
example, in some cosmological systems (stellar nuclei, 
"black holes", and so on). There is a possibility that 
gravitation may play the role of  such fields (for example, 
in black holes). In principle, the corresponding calcula- 
tions might help the interpretation of  some observed 
frequencies in cosmic radiation. We may suppose that 
atoms in these hypothesized superstable states have sig- 
nificant magnetic moments,  and the matter constructed 
of  these atoms may have abnormally high density. As a 
hypothesis, we may suppose the possible existence of  
these states in Ear th ' s  core. However, all this discussion 
of  new atomic states is no more than just a single 

illustration of  the prospects opened by our consideration 
of  the Pauli principle (only somewhat more profound 
than the accepted antisymmetry concept) and the role of  
this principle in the behavior of  multielectron systems 
and in the structure of  matter. 

The author is sincerely grateful to Academician A. L. 
Buchachenko and Academician N. S. Zefirov for their 
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